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Gestão, e-mail: jnicolau@mail.telepac.pt.Vlpxodwhg Olnholkrrg Hvwlpdwlrq ri Qrq0Olqhdu
Gl￿xvlrq Surfhvvhv wkurxjk Qrq0Sdudphwulf
Surfhgxuh zlwk dq Dssolfdwlrq wr wkh
Sruwxjxhvh Lqwhuhvw Udwh
Mr￿r QlfrodxW
Lqvwlwxwr Vxshulru gh Hfrqrpld h Jhvw￿r
4<<<
Devwudfw
Lq wklv duwlfoh zh suhvhqw d qhz prgho ri wkh vsrw lqwhuhvw udwh dqg d
qhz phwkrg ri hvwlpdwlrq ri qrqolqhdu vwrfkdvwlf gl￿huhqwldo htxdwlrqv1
Zh vkrz krz dq lqwhjudwhg glvfuhwh wlph surfhvv lq dq hfrqrphwulf vhqvh
fdq eh prghoohg e| d frqwlqxrxv wlph hujrglf surfhvv1 Zh pdnh dq ds0
solfdwlrq wr wkh Sruwxjxhvh vsrw lqwhuhvw udwh1
4 Lqwurgxfwlrq
Lq rughu wr sulfh ghulydwlyhv vhfxulwlhv/ vhyhudo vwrfkdvwlf gl￿huhqwldo htxdwlrqv
+VGHv, kdyh ehhq sursrvhg iru wkh xqghuo|lqj wudghg dvvhw+v, ru qrq0wudghg
idfwru+v,1 Xvxdoo|/ wkhvh VGHv duh yhu| vlpsoh +iru lqvwdqfh/ wkh| duh olqhdu,
dqg zh fdq srlqw rxw dw ohdvw wzr uhdvrqv iru wklv= ￿uvw/ vlpsoh VGHv fdq ohdg
wr h{solflw vroxwlrqv wr wkh sulfhv ri vhfxulwlhv> dqg vhfrqg/ vlpsoh VGHv duh hdv|
wr hvwlpdwh/ iru lqvwdqfh/ wkurxjk pd{lpxp olnholkrrg1
Krzhyhu/ vlpsoh olqhdu VGHv duh frpprqo| wrr fuxgh wr prgho wkh qrq0
olqhdulwlhv ri wkh ￿qdqfldo wlph vhulhv gdwd1 Lw lv lpsruwdqw wr vwuhvv vrph ri wkh
pdlq ihdwxuhv revhuyhg lq ￿qdqfldo wlph vhulhv gdwd ^vhh/ iru lqvwdqfh/ Hqjoh/
Eroohuvohy h Qhovrq +4<<6,‘1 Ohw [w eh d ￿qdqfldo wlph vhulhv gdwd dqg \w @
[w ￿[w￿4 wkh ￿uvw gl￿huhqfh vhtxhqfh ri [1 Lw lv frpprq wr revhuyh= +l, \w lv
vwurqjo| ohswrfxuwlf dqg/ lq fhuwdlq fdvhv/ wkh xqfrqglwlrqdo yduldqfh lv lq￿qlwh/
+ll, \w lv/ lq jhqhudo/ xqfruuhodwhg/ exw qrw lqghshqghqw/ +lll, wkh frqglwlrqdo
yduldqfh ri [w dqg \w duh qrw frqvwdqw ryhu wlph ^lq h￿hfw/ ￿^===‘odujh fkdqjhv
WWkh dxwkru zrxog olnh wr wkdqn Fduorv Eudxpdqq dqg Qxqr Fdvvrod iru surylglqj khos
dqg jxlgdqfh dqg wr dq dqrq|prxv uhihuhh iru khosixo frpphqwv1 L dp uhvsrqvleoh iru dq|
uhpdlqlqj huuruv1 Wklv zrun zdv fduulhg rxw dw Edqn ri Sruwxjdo dv sduw ri d frqwudfw ehwzhhq
FHPDSUH2LVHJ dqg Edqn ri Sruwxjdo1 Hpdlo= mqlfrodxCpdlo1whohsdf1sw
4whqg wr eh iroorzhg e| odujh fkdqjhv/ ri hlwkhu vljq/ dqg vpdoo fkdqjhv whqg wr
eh iroorzhg e| vpdoo fkdqjhv ^===‘￿ 0 Pdqghoeurw uhihuuhg lq Hqjoh/ Eroohuvohy
h Qhovrq +4<<6,‘ +ly, [w xvxdoo| vkrzv d yhu| vorz uhyhuvlrq wr lwv phdq ru
hyhq gr qrw kdyh uhyhuvlrq dw doo +iru lqvwdqfh wkh surfhvv lv lqwhjudwhg ri rughu
rqh,1 Wkhvh jhqhudo ihdwxuhv duh zhoo fdswxuhg e| vrph glvfuhwh0wlph prghov/
iru h{dpsoh e| wkh JDUFK prgho +dssolhg wr \w, exw lq d frqwlqxrxv0wlph
iudphzrun lw lv kdug wr ￿qg d jrrg jhqhudo prgho ^qhyhuwkhohvv/ kdv uhfhqwo|
ehhq vrph surplvlqj zrun/ vhh D￿w0Vdkdold +4<<9,/ Eudqgw dqg Vdqwd0Fodud
+4<<<, dprqj rwkhuv‘1
Rq wkh rwkhu kdqg/ qrq0olqhdu VGHv duh gl!fxow wr hvwlpdwh dqg xvxdoo| wkh
pd{lpxp olnholkrrg phwkrg lw lv qrw srvvleoh1
Lq wklv duwlfoh zh suhvhqw d qhz vsrw lqwhuhvw udwh prgho wkdw wdnhv lqwr
dffrxqw vrph ri ihdwxuhv revhuyhg lq wkh gdwd1 Zh suhvhqw dovr d qhz phwkrg
ri hvwlpdwlrq ri VGHv wkdw fdq eh dssolhg wr dq| Pdunry surfhvvhv +iru lqvwdqfh/
wr g|qdplf glvfuhwh0wlph prgho,1 Wklv prgho dqg wklv phwkrg duh dssolhg wr
wkh Sruwxjxhvh vsrw lqwhuhvw udwh1
5 Wkh Prgho
Zkhq zh dgplw wkdw wkh gdwd fdq eh prghoohg e| d gl￿xvlrq prgho lw lv qhf0
hvvdu| wr fkrrvh wkh guliw d+{>￿, dqg gl￿xvlrq wkh e+{>￿, frh!flhqwv +zkhuh ￿
uhsuhvhqwv d yhfwru ri sdudphwhuv/ vxfk wkdw ￿ ￿ Un,1 Prvw lqwhuhvw udwh prghov
vshfli| d olqhdu phdq uhyhuwlqj guliw/ d+{>￿,@￿+￿ ￿ {,= vr/ wkh surfhvv pryhv
wrzdugv ￿ d wdv s h h g￿A3= Reylrxvo|/ wklv qrw d orjlfdo dvvxpswlrq li [ lv
dq lqwhjudwhg surfhvv1 Lq h￿hfw/ lq wklv fdvh/ zh zrxog h{shfw d qxoo guliw1 Rq
wkh rwkhu kdqg wkhuh lv hylghqfh lq vrph ￿qdqfldo wlph vhulhv gdwd/ olnh wkh fdvh
ri lqwhuhvw udwh ^vhh D￿w0Vdkdold +4<<9,‘ wkdw wkh guliw lv qxoo rqo| lq d fhuwdlq
uhjlrq +iru h{dpsoh/ zkhq wkh lqwhuhvw udwh lv orz, dqg whqgv wr eh qrw qxoo rxw
ri wkdw uhjlrq +iru h{dpsoh/ whqgv wr eh qhjdwlyh zkhq wkh lqwhuhvw udwh lv kljk
0 zklfk sxvk wkh surfhvv wrzdugv wkh orz lqwhuhvw udwh uhjlrq,1 Vhh dovr Qlfrodx
+4<<<,1 Lq wklv vlwxdwlrq lw lv lqwhuhvwlqj wr qrwh wkdw xvxdoo| wkh Glfnhu0Ixoohu
whvw grhv qrw uhmhfw wkh K3 ri qrq0vwdwlrqdu|1
Lq rughu wr prgho wkh +orjdulwkp ri, vsrw lqwhuhvw udwh surfhvv zh sursrvh
wkh iroorzlqj prgho











zkhuh/ w 5 ^3>W‘>￿￿ 3/ ￿>￿>￿>￿ 5 U dqg Z lv d vwdqgdug Zlhqhu surfhvv1
Zh zloo vkrz wkdw +4, zlwk ￿ @3dqg ￿A3 lv d jrrg prgho iru wkh Sruwxjxhvh
lqwhuhvw udwh surfhvv +dqg shukdsv iru rwkhuv lqwhuhvw udwhv surfhvvhv, lq wkdw lw
wdnhv lqwr dffrxqw vrph ri wkh qrq0olqhdulwlhv revhuyhg lq wkh guliw dqg lq wkh
yrodwlolw|1 Krzhyhu/ iru jhqhudolw| zh dvvxph ￿ ￿ 3 dqg ￿ 9@3 1
Sursrvlwlrq 4 Li ￿ ￿ 3 wkh VGHv +4, kdv d joredo frqwlqxrxv vroxwlrq iru w 5
^3>4,=
5Surri1 Vhh Dsshqgl{1
Sursrvlwlrq 5 Wkh vroxwlrq ri +4, dgplwv d vwdwlrqdu| ghqvlw| +VG, ￿ s+{, lq
wkh iroorzlqj fdvhv=
41 ￿A3 dqg ;￿1 Wkh VG lv




































+lq wklv fdvh wkh VG lv Jdxvvldq zlwk phdq ￿ dqg yduldqfh +5￿,
￿4,1
Surri1 Vhh Dsshqgl{1
Wkhuh duh vhyhudo revhuydwlrqv wr pdnh1
Iluvw/ lw lv yhu| vxusulvlqj wkdw wkh fdvh ￿ @3dqg ￿A3 dgplwv d vwdwlrqdu|
ghqvlw| +VG, zlwk vwdwlrqdu| prphqwv ri dq| rughu1 Dw ￿uvw vljkw/ zlwk ￿ @3
+l1h1/ zlwk d qxoo guliw,/ wkh surfhvv vkrxog qrw kdyh dq| dwwudfwlrq wrzdugv d
vwdeoh srlqw1 Krzhyhu/ wkh surfhvv whqgv wr ￿ dv w $4 1Pruhryhu/ H ^[wm[v‘@
[v +w ￿ v, exw wkh surfhvv lv qrw lqwhjudwhg lq wkh xvxdo hfrqrphwulf vhqvh
ehfdxvh lqwhjudwhg surfhvvhv glyhujh doprvw vxuho|1 Lqwxlwlyho| zh fdq h{sodlq
lw dv iroorzv= zkhq wkh surfhvv lv qhdu ￿ wkh lqvwdqwdqhrxv yrodwlolw|/ e+{>￿, lv
orz dqg wkh surfhvv whqgv wr uhpdlq qhdu ￿1L i[ guliwv dzd| iurp ￿ yrodwlolw|
lqfuhdvhv1 Qrz [ lv pxfk pruh luuhjxodu vr wkhuh lv d srvlwlyh suredelolw| wkdw
wkh surfhvv furvvhv ￿ djdlq1 Lw lv wkh yrodwlolw| wkdw sxvkhv wkh surfhvv wrzdugv
d vwhdg| srlqw1 Whfkqlfdoo|/ zkhq wkh surfhvv lv lq lwv qdwxudo vfdoh +vhh wkh
iroorzlqj qrwdwlrq lq wkh Dsshqgl{,/ l1h1/ v+{,@4 / wkh txdqwlw| p+{,%5 lv ri
wkh rughu ri wkh h{shfwhg wlph wkh surfhvv vshqgv lq wkh lqwhuydo +{ ￿ %>{ . %,
jlyhq [3 @ { ehiruh ghsduwxuh wkhuhri ^vhh Nduolq h Wd|oru +4<;4,/ ss1 4<:04<;>
lq h￿hfw H ^W{￿%>{.%m[3 @ {‘@p+{,%5 zkhuh Wd>e @p l q iWd>W ej dqg Wd lv
klwwlqj wlph ri d/v rWd>e lv wkh ￿uvw wlph wkh surfhvv uhdfkhv hlwkhu d ru e‘1





pd{lpxp zkhq { @ ￿1 Wkdw lv/ wkh surfhvv vshqgv pruh wlph lq wkh lqwhuydo
+￿ ￿%>￿ . %, wkdq lq dq| rwkhu lqwhuydo +zlwk ￿{ %,1 Qrwlfh wkdw dffruglqj wr
suhylrxv suhsrvlwlrq wkh xqfrqglwlrqdo phdq ri [ xqghu wkh k|srwkhvlv ￿ @3
lv ￿1
Vhfrqg/ +zlwk ￿ ￿ 3 dqg ￿A3,l qw k l vp r g h o￿ ^===‘ odujh fkdqjhv whqg wr eh
iroorzhg e| odujh fkdqjhv/ ri hlwkhu vljq/ dqg vpdoo fkdqjhv whqg wr eh iroorzhg
6Iljxuh 4= Vwdwlrqdu| Ghqvlw| +￿ @4 >￿@4 / ￿ @ ￿4 dqg ￿ @4 3 3 ,
￿￿ ￿￿ ￿￿ ￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿
[
e| vpdoo fkdqjhv ^===‘￿1 Lq h￿hfw/ zkhq [ lv qhdu ￿ ￿^===‘ vpdoo fkdqjhv whqg
wr eh iroorzhg e| vpdoo fkdqjhv ^===‘￿ dv yrodwlolw| lv orz> zkhq [ lv idu iurp
￿ ￿^===‘ odujh fkdqjhv whqg wr eh iroorzhg e| odujh fkdqjhv ^===‘￿ dv yrodwlolw| lv
kljk1
Wklug/ wkh VG ri wkh Ruqvwhlq0Xkohqehfn surfhvv/ g[w @ ￿+￿ ￿[w,gw .
￿gZw zlwk ￿ @
s





5 +[w ￿ ￿,
5r
gZw
surfhvv/ vr gl￿huhqw g|qdplfv fdq surgxfh wkh vdph VG1 Lw lv fohdu wkdw wkh VG
frxog qrw lghqwli| wkh VGHv1 Dv d frqvhtxhqfh lw vhhpv suxghqw qrw wr pdnh
lqihuhqfh edvhg rqo| rq wkh glvwulexwlrq ri wkh gdwh1
Irxuwk/ d yhu| lqwhuhvwlqj fdvh wxuqv rxw wr eh ￿A3 dqg ￿?3 +wr vlp0
soli| frqvlghu ￿ @ ￿,1 Li ￿Aorj+￿￿@￿, lw lv hdv| wr vkrz wkdw wkh htxd0
wlrq gp+{,@g{ @3+qrwh ￿ s+{, 2 p+{,, kdv wkuhh uhdo vroxwlrqv +rqh ri
wkhp lv ￿, vr wkh vwdwlrqdu| glvwulexwlrq lv +elprgdo,1 Zk| grhv wklv kds0
shqB Wkh guliw ￿+￿ ￿ {,/ ￿A3/ sxvkhv wkh surfhvv wrzdugv ￿/ exw qhdu
￿ @ ￿ yrodwlolw| lv dw lwv pd{lpxp1 Vr dw wklv srlqw wkh surfhvv lv uhshoohg





￿￿ ￿￿ +{ ￿￿,
5r
@￿ ￿ ￿ ￿ ￿+{ ￿ ￿,
5r
zklfk jlyhv wkh ghqvlw| ￿ s+{,
iru wkh iroorzlqj ydoxhv ￿ @4 >￿@4 / ￿ @ ￿4 dqg ￿ @4 3 3 =
Li dgglwlrqdoo| zh dgplw ￿ 9@ ￿ lw fdq eh suryhg wkdw wkh VG lv vnhzhg1 Wklv
prgho fdq dovr eh xvhixo wr prgho dq h{fkdqjh udwh surfhvv zlwklq d wdujhw }rqh
zkhuh yrodwlolw| lv kljkhu lq wkh fhqwuh ri wkh edqg dqg orz qhdu wkh edqgv1
76 D Phwkrg ri Hvwlpdwlrq ri qrq0olqhdu VGHv
Wkh hvwlpdwlrq ri qrq0olqhdu VGHv lv jhqhudoo| gl!fxow dv wkh wudqvlwlrq ghq0
vlw| +ru wkh frqglwlrqdo ghqvlw| ri [w jlyhq [v @ {, dqg wkh frqglwlrqdo pr0
phqwv duh xvxdoo| qrw nqrzq1 Krzhyhu/ frqvlvwhqw phwkrgv kdyh ehhq sursrvhg
lq wkrvh fdvhv ^vhh Gx!h dqg Vlqjohwrq +4<<6,/ Fkdq hw do1 +4<<5,/ Shghu0
vhq +4<<8,/ Kdqvhq dqg Vfkhlqnpdq +4<<8,/ Jrxul￿urx{/ Prqiruw dqg Uhqdxow
+4<<8,/ Jdoodqw dqg Orqj +4<<:,/ D￿w0Vdkdold +4<<:,/ Eudqgw dqg Vdqwd0Fodud
+4<<<,/ dprqj rwkhuv‘1 Wkh pdmrulw| ri wkhvh hvwlpdwruv duh exlow lqwr d vwd0
wlrqdulw| iudphzrun dqg rqo| d ihz ri wkhp duh deoh wr uhdfk ixoo h!flhqf|1
Zlwkrxw dvvxplqj vwdwlrqdulw| zh duh jrlqj wr suhvhqw d qhz phwkrg wr
hvwlpdwh wkh sdudphwhuv ri d jhqhudo qrq0olqhdu gl￿xvlrq surfhvv1 Xqghu fhu0
wdlq frqglwlrqv/ wkh hvwlpdwru lv frqvlvwhqw dqg lv dv h!flhqw dv wkh pd{lpxp
olnholkrrg hvwlpdwru1
Ohw +[w3>[ w4>===>[wq, eh wkh revhuyhg gdwd dw wlph w3>w 4>===>w q1 Zh vxssrvh/
iru vlpsolflw| wkdw ￿@wl￿wl￿4 lv frqvwdqw1 Ohw s+￿>{>|>￿,@CS ^[￿ ￿ |m[3 @ {‘@C|
eh wkh wuxh +exw xqnqrzq, wudqvlwlrq ghqvlw|
Zh sursrvh wr fkdqjh wkh wudqvlwlrq ghqvlw|/ s+￿>{>|>￿, e| dq hvwlpdwh












lq rughu wr rewdlq d frqvlvwhqw hvwlpdwru a ￿q ri ￿1





















zkhuh/ N +￿, lv d nhuqho/ k lv vfdodu +edqgzlgwk, dqg \wl>m +￿, lv wkh m0wk dssur{0
lpdwlrq ri [ dw wlph wl jlyhq wkh ydoxh ri [wl￿4=
Sursrvlwlrq 6 Vxssrvh wkdw +l, wkh glvwulexwlrq ri \ dw wlph ￿ jlyhq {3 dw wlph
w3 @3lv htxdo wr wkdw ri [￿ jlyhq {3> +ll, s+￿>{ 3>{>￿, kdv d frqwlqxrxv vhfrqg
ghulydwlyh zlwk uhvshfw wr {/ +lll,
U




x5N +x,gx A 3
dqg +ly, qvk $4 / k $ 31 Wkhq
a s+￿>{ 3>{>￿,
t=p=






zh vlpxodwh qv sdwkv iurp wl￿4 wr wl jlyhq
[wl￿4 dqg ￿ lq rughu wr rewdlq qv dssur{lpdwlrqv ri [ dw wlph wl jlyhq [wl￿41
8Vr +\wl>4 +￿,>\ wl>5 +￿,===>\wl>qv +￿,, pxvw jlyh jrrg lqirupdwlrq derxw wkh frqgl0
wlrqdo phdq/ frqglwlrqdo yduldqfh dqg frqglwlrqdo glvwulexwlrq ri [wl1Q r zz h





Wkhuh lv d fuxfldo srlqw= \wl>m +￿, pxvw eh vlpxodwhg zlwkrxw dq| huuruv ri
dssur{lpdwlrqv lq rughu wr dvvxuh wkdw \wl>m +￿, kdv wkh vdph frqglwlrqdo glv0
wulexwlrq dv [wl1 Dv lq jhqhudo zh gr qrw kdyh wkh h{solflw vroxwlrq ri [w lw
frxog eh kdug wr dvvxuh wkdw dvvxpswlrq1 Iru lqvwdqfh/ wkh Hxohu dssur{lpd0
wlrq frxog eh d edg vroxwlrq dv/ lq wklv fdvh/ \wl>m +￿, ￿ Q
￿
d+{,￿ >e 5 +{,￿
￿
jlyhq [wl￿4 @ {1 Lq rughu wr kdyh \wl>m +￿, dffruglqj wr rxu dvvxpswlrqv zh
dssur{lpdwh [￿ jlyhq [3 @ { e| \
+Q,
￿ / odvw ydoxh ri wkh iroorzlqj lwhudwlyh
surfhgxuh +fxwwlqj wkh m lqgh{,=
\
+Q,





























Q ￿ Q +3>4, dqg n @4 >5>===>Q=
Ohw s+Q, +￿>{>|>￿, eh wkh wudqvlwlrq ghqvlw| ri \ +Q,1 Zh kdyh wkh iroorzlqj
uhvxowv iurp Shghuvrq +4<<8,=
Sursrvlwlrq 7 Dvvxph iru doo ￿ 5 ￿ wkdw d+{>￿, dqg e+{>￿, duh erxqghg
zlwk erxqghg ghulydwlyhv ri dq| rughu1 Ixuwkhupruh dvvxph wkdw wkhuh h{lvwv dq
%+￿, A 3 vxfk wkdw e5 +{>￿, ￿ %+￿, ￿ 3 iru doo {1 Wkhq s+￿>{>|>￿, h{lvwv dqg
s+Q, +￿>{>￿>￿, $ s+￿>{>￿>￿, lq O+￿, dv Q $4 +9,
+zkhuh ￿ lv d Ohehvjxh phdvxuh,1
Surri1 Vhh Wkhruhp 6 lq Shghuvhq +4<<8,1
Dv Shghuvhq srlqwv rxw/ wkhvh dvvxpswlrqv duh yhu| uhvwulfwlyh dqg lw lv
srvvleoh wr uhsodfh wkhp e| Olsvfklw} dqg jurzwk olnh frqglwlrqv1 Lq h￿hfw rqo|
d ihz ghulydwlyhv ri d dqg e duh uhdoo| qhhghg1 Rq wkh rwkhu kdqg lw fdq eh










vr zh pxvw kdyh dw wlph ￿>\+Q, g ￿$ [ dv Q $4 1
Iru vwrfkdvwlf glvfuhwh0wlph prghov zh fdq dozd|v vlpxodwh [w jlyhq [w￿4
zlwkrxw huuruv ri dssur{lpdwlrq1
615 Wkh Hvwlpdwru
61514 Dojrulwkp
Wr rewdlq a ￿q> wkh iroorzlqj rswlpl}dwlrq sureohp pxvw eh vroyhg=
pd{
￿
orj a Oq +￿,
9zkhuh




















41 Vlpxodwh i%l>m>c>l @4 >===>q>m @4 >===>q v>c @4 >===>Qj zkhuh %l>m>c lv l1l1g1
zlwk jdxvvldq glvwulexwlrq Q +3>4,=
51 Ohw n @4 =
61 Li n @4vhohfw d lqlwldo ydoxh iru ￿/ +ohw ￿




71 Jlyhq wkh lqlwldo frqglwlrq [w3 @ { dqg ￿
+n,/ vlpxodwh qv dssur{lpdwlrqv
iru [w4 xvlqj htxdwlrq +8,> wkdw lv \
+Q,
w4>m iru m @4 >===>q v +wr hdfk qv

































:1 Wkurxjk d pd{lpl}dwlrq surfhgxuh4 vhohfw d qhz ydoxh ￿









￿ ￿ ￿orj a Oq +￿




￿￿ ￿ ￿ ?%vwrs +% lv ￿vpdoo￿,1 ￿
￿ lv wkh hvwlpdwru1
Li qrw pdnh n @ n .4dqg uhwxuq wr vwhs 61
Wklv surfhgxuh zdv lpsohphqw zlwk vxffhvv lq JDXVV51 Wkh xqghuo|lqj
sulqflsoh lq wklv phwkrg lv wkh vdph dv wkdw ri wkh pd{lpxp olnholkrrg= jlyhq
wkh revhuydwlrqv/ zh vhohfw ￿
￿/ ixqfwlrq ri wkh revhuydwlrqv/ wkdw pdnhv wkh
vdpsoh pruh olnho|1
61515 Frqvlvwhqf| dqg Glvwulexwlrq
Ohw




















4Zh rewdlqhg jrrg uhvxowv iurp wkh iroorzlqj dojrulwkpv= Eur|ghq0Iohwfkhu0Jrogidue0
Vkdqqr/ Qhzwrq0Udskvrq dqg EKKK1
5Wkh JDXVV surjudp fdq eh jlyhq xsrq uhtxhvw1
:Zhpdnh wkh iroorzlqj dvvxpswlrqv= +D4, ￿lvfrpsdfw> +D5, wkh pds Tq>qv>Q +￿,=
￿ $ Tq>qv>Q +￿, lv frqwlqxrxv> +D6, Tq>qv>Q +￿, ￿ Tq>qv>Q +￿3, frqyhujh xql0
irupo| lq ￿ wr ￿ T+￿, ￿ ￿ T+￿3, lq t1p1 dv q>qv dqg Q whqgv wr lq￿qlw|> +D7,
Wkhuh h{lvwv d xqltxh ydoxh ￿3 vxfk wkdw ￿3 @ dujplq￿5￿ ￿ T+￿, ￿ ￿ T+￿3,=
Xqghu wkhvh dvvxpswlrqv wkhuh h{lvw d vhtxhqfh ri h{wuhpxp hvwlpdwruv e ￿q/
vroylqj wkh sureohp plq
￿5￿
Tq>qv>Q+￿, wkdw frqyhujh lq t1p1 wr ￿3 +vhh Jrxul￿urx{
dqg Prqiruw +4<<8e,/ ss16;:06;; zlwk prgl￿fdwlrqv,1
Wr dvvxuh +D5, zh lpsrvh wkh glvfuhwl}dwlrq vfkhph wr eh frqwlqxrxv lq ￿
dqg wkh nhuqho N +x, wr eh frqwlqxrxv lq x1
Uhjduglqj +D6, zh dvvxph wkh frqglwlrqv ri sursrvlwlrq 6 zklfk dvvxuh
a s






























dv Q $4 >q vk $4dqg k $ 3 +dffruglqj wr wkh dojrulwkp/ lw lv ohjlwlpdwh
wr lpsrvh ￿uvw/ Q $4 >q vk $4dqg k $ 3 dqg ￿qdoo| q $4 ,1 Zh dvvxph/






xqlirupo| wr HS r ^orjs+￿>{>|>￿,‘ lq t1p1 vhqvh1
Ilqdoo| zh suryh +D7,1 Lq h￿hfw/ xqghu +D6,













































dv Q $4 >q vk $4 >k$ 3 dqg q $4 1D vN +￿>￿3, ￿ 3 ^vhh Jrxul￿urx{ dqg
Prqiruw +4<<8d,‘ dqg N +￿>￿3,@3li ￿ @ ￿3 wkh vroxwlrq ri wkh olplw sureohp
lv/ wkhuhiruh/ ￿3 @ dujplq￿ N +￿>￿3,1
Dqrwkhu srvvlelolw| ri surri fdq eh edvhg rq wkh dvvxpswlrq wkdw wkh pd{l0
pxp olnholkrrg +PO, hvwlpdwru h{lvwv1 Zlwk wkh dgglwlrqdo dvvxpswlrqv lpsolhg
lq a s
p=t=
￿$ s wkh rswlpl}dwlrq sureohp plq￿ Tq>qv>Q +￿, lv htxlydohqw/ dv qvk $4 >
k $ 3/ wr wkh PO sureohp ￿pd{Tq>4>4 +￿, zkhuh ￿Tq>4>4 +￿, lv wkh wuxh orj0
olnholkrrg ixqfwlrq1 Vr/ wkh vroxwlrq ri plq￿ Tq>4>4 +￿, ohdgv wr wkh pd{lpxp
olnholkrrg1











zkhuh L +￿3, lv wkh Ilvkhu lqirupdwlrq pdwul{1 Jrxul￿urx{ dqg Prqiruw +4<<4,
kdyh suryhg/ dvvxplqj
s
q@qv $ 3> wkdw wkh hvwlpdwru edvhg rq wkh vlpxodwlrq
ri wkh orj0olnholkrrg ixqfwlrq kdv wkh vdph dv|pswrwlfdo glvwulexwlrq wkdq wkdw
















Dv d ￿qdo srlqw lw lv lpsruwdqw wr revhuyh wkdw wkh frqvlvwhqf| dqg h!flhqf|
ri wklv hvwlpdwru ghshqgv rq krz jrrg lv wkh hvwlpdwh a s ri s> wkdw lv/ ghshqgv
ri Q dqg qv dqg wkhvh sdudphwhuv duh xqghu wkh uhvhdufkhu*v frqwuro1
7 Dq Dssolfdwlrq wr wkh Sruwxjxhvh Vsrw Lqwhu0
hvw Udwh
Zh vwxglhg wkh Sruwxjxhvh vsrw lqwhuhvw udwh +wkuhh prqwkv ghsrvlw 0 vhh ￿jxuh
5,1
Wzr dgmdfhqw rxwolhuv zhuh gursshg iurp wkh vdpsoh dv wkh| lpsdlu wkh
hvwlpdwlrq +zh dgplw wkdw wkh| gr qrw ehorqj wr wkh gdwd jhqhudwlqj surfhvv,1
Zh vwxglhg wkh orjdulwkp ri lqwhuhvw udwh61 Zh suhvhqw vrph vwdwlvwlfv iru [w @
orj+uw, zkhuh uw lv wkh Sruwxjxhvh lqwhuhvw udwh=
Wdeoh 4= Vwdwlvwlfv
Yduldeoh phdq yduldqfh nxuwrvlv vnhzqhvv DGI4 DGI5 DGI6
[w 5138 1448< 41;5 0157 041<83 01685 06156<
[w ￿[w￿4 01333; 133366 68186 5185 05<157 05<168 05<168
DGI4= Dxjphqwhg Glfnh|0Ixoohu Vwdw1 iru udqgrp zdon zlwkrxw guliw +f1y1@041<8:,
DGI5= DGI Vwdw1 iru udqgrp zdon zlwk guliw +f1y1@051;4,
DGI6= DGI Vwdw1 iru udqgrp zdon zlwk guliw dqg wuhqg +f1y1@06176,
Zh fdq qrw uhmhfw wkh k|srwkhvlv wkdw [ lv qrq0vwdwlrqdu|1 [w ￿ [w￿4 lv
vwdwlrqdu| dqg glvsod|v kljk nxuwrvlv1
Iluvwo|/ wr kdyh dq lghd derxw wkh ehkdylrxu ri wkh guliw dqg ri wkh gl￿xvlrq










6Wklv wudqvirupdwlrq lv qhfhvvdu| dv wkh vroxwlrq ri +4, frxog dvvxph qhjdwlyh ydoxhv1





















































































































































￿ ￿ ?kdqg }hur rwkhuzlvh71 P +{, dqg
Y +{, duh/ uhvshfwlyho| hvwlpdwhv iru d+{, dqg e5 +{,1 Ioruhqv0]plurx +4<<6,
kdv suryhg +zlwk vrph uhjxodulw| frqglwlrqv, wkdw Yq +{,
s
￿$ e5 +{, dv q $4 /




Yq +{,@e5 +{, ￿ 4
￿ g ￿$ Q +3>4,
zkhuh Q{ @
Sq
l@4 Lim[wl￿{m?kj= Lw fdq eh suryhg wkdw P +{,
s
￿$ d+{,1
Lq ￿jxuh 6 zh revhuyh wkdw wkh guliw lv dssur{lpdwho| qxoo xqwlo wkh ydoxh
517 + h5=7 ￿ 44( lqwhuhvw udwh, dqg wkhq ghfuhdvhv vwurqjo|1 Dffruglqj wr wkhvh
hvwlpdwhv/ lw lv qrw fohdu zkdw lv wkh htxloleulxp ydoxh1 Wkhuh duh wzr srlqwv
zkhuh wkh guliw lv qxoo= wkh ydoxhv 515 dqg 517 exw lw lv srvvleoh wkdw wkh htxlole0
ulxp +li lw h{lvwv, lv dw d orzhu ohyho dv/ ehorz 514 wkh guliw lv voljkwo| qhjdwlyh1
Qhyhuwkhohvv/ zkhq wkh surfhvv lv ehorz wkh ydoxh 517 lw vhhpv wr ehkdyh olnh d
udqgrp zdon/ exw lw glvsod|v uhyhuvlrq wr orzhu ydoxhv zkhq wkh lqwhuhvw udwh
lqfuhdvhv wr kljk ydoxhv1 Lq ￿jxuh 7 zh revhuyh d vkdus lqfuhdvh lq yrodwlolw|





2f1 Lw vkrxog eh srvvleoh wr frqvlghu rwkhu nhuqhov/ olnh wkh Jdxvvldq1 Exw zh iroorz Ioruhqv0
]plurx +4<<6,1








￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿
[








￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿
[
44deryh wkh ydoxh 5148 +h5=48 ￿ ;=8;( lqwhuhvw udwh,1 Lw lv srvvleoh wr dgplw d
txdgudwlf ru h{srqhqwldo irup wr wkh gl￿xvlrq frh!flhqw exw qrw olqhdu rqh1
Zh shuirup wkh dqdo|vlv zlwk w @4phdqlqj rqh prqwk/ vr wkh gdlo| lqwhuydo
lv +dssur{lpdwho|, 4@631 Wkh lqwhuydo ehwzhhq Prqgd| dqg Iulgd| +ri wkh ￿qdo
zhhn, lv 6@63 +krolgd|v duh dovr dffrpprgdwhg,1
Zh ￿uvw wulhg wkh jhqhudo prgho +4, exw wkh sdudphwhu ￿ zdv qrw vljql￿fdqw1
Vr zh hvwlpdwhg +4, lpsrvlqj wkh uhvwulfwlrq ￿ @3+l1h1/ d prgho zlwk qxoo guliw,1
Lq wkh iroorzlqj wdeoh zh suhvhqw wkh uhvxowv ri wkh Hxohu dssur{lpdwlrq
edvhg hvwlpdwlrq +l1h1/ wkh pd{lpxp olnholkrrg dssolhg wr wkh Hxohu glvfuhwh
htxdwlrq ,





Dsso|lqj wkh phwkrg ri hvwlpdwlrq zh ghvfulehg deryh zlwk Q @4 3dqg
qv @ 533 zh rewdlqhg





Wkhuh duh vrph gl￿huhqfhv ehwzhhq wkh wzr uhvxowv1 Wkh prvw lpsruwdqw
uhjdug wr wkh ￿ dqg vwdqgdug huuruv hvwlpdwhv1
Dffruglqj wr wkh prgho/ wkh hvwlpdwh ri ￿ jlyhv wkh orqj0whup phdq ri wkh
surfhvv/ vr h4=85 ￿ 7=8: lv wkh orqj0whup ydoxh ri wkh lqwhuhvw udwh zlwk plqlpxp
yrodwlolw|1 Wkhuhiruh/ dq lqwhjudwhg glvfuhwh0wlph vhulhv surfhvv/ dffruglqj wr wkh
Glfnh|0Ixoohu whvw/ fdq eh prghoohg e| d frqwlqxrxv0wlph vwdwlrqdu| surfhvv zlwk
d qxoo guliw1




edvhg rq hvwlpdwhg sdudphwhuv +wdeoh 6,1
Lw uhpdlqv wr eh vhhq li wkh prgho zh kdyh sursrvhg fdq fdswxuh wkh pdlq
ihdwxuhv ri wkh gdwd1 Wr dqdo|}h wkh vshfl￿fdwlrq ri wkh ￿wwhg prgho zh shuirup
wkh iroorzlqj errwvwuds vwxg|=
41 vlpxodwh wkh surfhvv +4, zlwk wkh hvwlpdwhg sdudphwhuv +wdeoh 6,>
51 rewdlq wkh qrq0sdudphwulf guliw dqg gl￿xvlrq hvwlpdwhv>
8Wkh fryduldqfh ri wkh sdudphwhuv duh frpsxwhg e| txdvl pd{lpxp olnholkrrg phwkrg1
9Wkh fryduldqfh ri wkh sdudphwhuv duh frpsxwhg e| txdvl pd{lpxp olnholkrrg phwkrg1




















































































































































61 uhshdw wkh odvw wzr vwhsv 4333 wlphv>
71 exlog d frq￿ghqfh lqwhuydo iurp wkh hpslulfdo glvwulexwlrq ri wkh guliw dqg
gl￿xvlrq hvwlpdwhv1
Wkh lghd lv wr lqyhvwljdwh li wkh ￿wwhg prgho lv deoh wr jhqhudwh wkh guliw
dqg gl￿xvlrq hvwlpdwhv rewdlqhg iurp wkh gdwd/ wkdw lv/ dv zh kdg shuiruphg lq
￿jxuhv 6 dqg 71 Iljxuhv 9 dqg : doorz xv wr frqfoxgh wkdw wkh ￿wwhg prgho lv
zhoo vshfl￿hg1
Lw lv lqwhuhvwlqj wr revhuyh wkdw wkh xqghuo|lqj qrq0sdudphwulf guliw ri wkh
prgho +4, zlwk d+{>￿,@3kdv d vwurqj whqghqf| wr eh qhjdwlyh deryh wkh ydoxh
517 +lw lv qhfhvvdu| wr glvwlqjxlvk ehwzhhq wkh xqghuo|lqj qrq0sdudphwulf guliw
dqg wkh wuxh guliw zklfk lv qxoo ryhu wkh vwdwh vsdfh,1 Wkdw lv/ ghvslwh d+{>￿,@3
wkh surfhvv kdv d uhyhuvlrq wr orzhu ydoxhv zkhq wkh surfhvv dvvxphv kljk ydoxhv
+vhh wkh glvfxvvlrq dw ehjlqqlqj,1
8 Frqfoxvlrq
Zh kdyh suhvhqwhg d qhz prgho dqg d qhz phwkrg ri hvwlpdwlrq zklfk zh ds0
solhg wr Sruwxjxhvh lqwhuhvw udwh1 Rqh lpsruwdqw frqfoxvlrq lv wkdw dq lqwhjudwhg
surfhvv lq wkh xvxdo hfrqrphwulf vhqvh fdq eh d vwdwlrqdu| frqwlqxrxv0wlph hu0
jrglf surfhvv zlwk d vwdwlrqdu| glvwulexwlrq1










￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿
[








￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿ ￿￿￿
[
47Zh kdyh frqfoxghg wkdw wkh orjdulwkp ri Sruwxjxhvh lqwhuhvw udwh ehkdyhv
olnh d udqgrp zdon zkhq wkh lqwhuhvw udwh lv orz1 Krzhyhu/ zkhq lw lv kljk/
Sruwxjxhvh lqwhuhvw udwh glvsod| d uhyhuvlrq wr orzhu ydoxhv1 Zh revhuyh orz
yrodwlolw| zlwklq d fhuwdlq lqwhuydo ri wkh vwdwh vsdfh1 Krzhyhu/ yrodwlolw| lq0
fuhdvhv txlfno| zkhq wkh surfhvv/ lv rxw ri wkdw uhjlrq1 Wklv qrq0olqhdulw| fdq
eh fdswxuhg e| dq h{srqhqwldo yrodwlolw| prgho zlwk d qxoo guliw1 Rxu vshfl￿fd0
wlrq dqdo|vlv grhv qrw uhmhfw wkh sursrvhg prgho1
Rqh ri wkh edvlf lghdv ri wklv duwlfoh/ qdpho|/ wkdw wkh yrodwlolw| fdq sxvk
wkh surfhvv wrzdugv d vwhdg| srlqw hyhq li wkh guliw frh!flhqw lv qxoo/ fdq eh
h{soruhg e| rwkhu prghov1 Zh zloo dgguhvv wklv txhvwlrq lq wkh ixwxuh1
Uhihuhqfhv
D￿w0Vdkdold \1/ +4<<9,/ ￿Whvwlqj Frqwlqxrxv0Wlph Prghov ri wkh Vsrw Lqwhuhvw
Udwh￿/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv/Y r o 1< /Q r 5/ ss16;807591
D￿w0Vdkdold \1/ +4<<:,/ ￿Pd{lpxp Olnholkrrg Hvwlpdwlrq ri Glvfuhwho| Vdp0
sohg Gl￿xvlrqv= d Forvhg0Irup Dssurdfk￿/ xqsxeolvkhg pdqxvfulsw1
Duqrog O1/ +4<:7,/ Vwrfkdvwlf Gl￿huhqwldo Htxdwlrqv= Wkhru| Dqg Dssolfdwlrq/
Mrkq Zloh| ) Vrqv1
Eudqgw P1Z1/ Vdqwd0Fodud S1/ +4<<<,/ ￿Vlpxodwhg Olnholkrrg Hvwlpdwlrq ri
Pxowlyduldwh Gl￿xvlrqv zlwk dq Dssolfdwlrq wr Lqwhuhvw Udwhv dqg H{0
fkdqjh Udwhv zlwk Vwrfkdvwlf Yrodwlolw|￿/ xqsxeolvkhg pdqxvfulsw1
Fkdq N1F1/ Nduro|l J1D1/ Orqjvwd￿ I1D1/ Vdqghuv D1 E1/ +4<<5,/ ￿Dq Hpslulfdo
Frpsdulvrq ri Dowhuqdwlyh Prghov ri wkh Vkruw0Whup Lqwhuhvw Udwh￿/ Wkh
Mrxuqdo ri Ilqdqfh/ Yro1[OYLL/ q61
Gx!h G1/ Vlqjohwrq N1/ +4<<6,/ ￿Vlpxodwhg Prphqwv Hvwlpdwlrq ri d Pdunry
Prghov ri d Dvvhw Sulfhv￿/ Hfrqrphwulfd/ 83/ <;:0433:1
Hqjoh U1 I1/ Eroohuvohy W1/ Qhovrq G1E1 +4<<6,/ ￿DUFK Prghov￿/ Kdqgerrn ri
Hfrqrphwulfv/ Yro17/ Fkds1 7<1
Ioruhqv0]plurx G1/ +4<<6,/ ￿Rq Hvwlpdwlqj wkh Gl￿xvlrq Frh!flhqw iurp Glv0
fuhwh Revhuydwlrq￿/ Mrxuqdo ri Dssolhg Suredelolw|/ 63/ ss1 :<30;37 1
Jdoodqw D1U1/ Orqj M1U1/ +4<<:,/ ￿Hvwlpdwlqj Vwrfkdvwlf Gl￿huhqwldo Htxdwlrqv
H!flhqwo| e| Plqlpxp fkl0vtxduhg￿/ Elrphwulfd/ ;7/ 41
Jrxul￿urx{ F1/ Prqiruw D1/ +4<<4,/ ￿Vlpxodwlrq Edvhg Lqihuhqfh Lq Prghov
Zlwk Khwhurjhqhlw|￿/ Dqqdohv G*frqrplh hw gh Vwdwlvwltxh/ q532541
Jrxul￿urx{ F1/ Prqiruw D1/ +4<<8d,/ Vwdwlvwlfv dqg Hfrqrphwulf Prghov/Y r o 1
L/ Fdpeulgjh Xqlyhuvlw| Suhvv1
Jrxul￿urx{ F1/ Prqiruw D1/ +4<<8e,/ Vwdwlvwlfv dqg Hfrqrphwulf Prghov/Y r o 1
LL/ Fdpeulgjh Xqlyhuvlw| Suhvv1
48Jrxul￿urx{ F1/ Prqiruw D1/ Uhqdxow H1/ +4<<8,/ ￿Lqgluhfw Lqihuhqfh￿/ lq Glmn
K1N1Y1/ Prqiruw D1/ Eurzq E1Z1 +hg1,/ Hfrqrphwulf Lqihuhqfh Xvlqj Vlp0
xodwlrq Whfkqltxhv/ Mrqk Zloh| dqg Vrqv1
Kdqvhq O1S1/ Vfkhlqnpdq M1D1/ +4<<8,/ ￿Edfn wr wkh Ixwxuh= Jhqhudwlqj Pr0
phqw Lpsolfdwlrqv iru Frqwlqrxv0Wlph Pdunry Surfhvvhv￿/ Hfrqrphwulfd/
96/ qr71
Lnhgd Q1/ Zdwdqdeh V1 +4<;4,/ Vwrfkdvwlf Gl￿huhqfldo Htxdwlrqv dqg Gl￿xvlrq
Surfhvvhv/ Qruwk0Kroodqg Pdwkhpdwlfdo Oleudu|1
Nduolq V1/ Wd|oru K1P1/ +4<;4,/ D Vhfrqg Frxuvh lq Vwrfkdvwlf Surfhvvhv/ Dfd0
ghplf Suhvv1
Norhghq S1H1/ Sodwhq H1/ +4<<5,/ Qxphulfdo Vroxwlrq ri Vwrfkdvwlf Gl￿huhqfldo
Htxdwlrqv/ Vsulqjhu0Yhuodj1
Qlfrodx M1/ +4<<<,/ ￿Prghoolqj wkh GHP2XVG H{fkdqjh Udwh dv dq Hujrglf
Vwdwlrqdulw| Frqwlqxrxv Wlph Surfhvv￿/ Zrunlqj Sdshu qr50<</ FHPDSUH
0 Lqvwlwxwr Vxshulru gh Hfrqrpld h Jhvw￿r1
Shghuvrq D1 U1/ +4<<8,/ ￿D Qhz Dssurdfk wr Pd{lpxp Olnholkrrg Hvwlpd0
wlrq iru Vwrfkdvwlf Gl￿huhqwldo Htxdwlrq edvhg rq Glvfuhwh Revhuydwlrqv￿/
Vfdqglqdyldq Mrxuqdo ri Vwdwlvwlfv/ 55/ 880:41
Vnrurnkrg D1Y/+4<;<,/ Dv|pswrwlf Phwkrgv lq wkh Wkhru| ri Vwrfkdvwlf Gl￿hu0
hqwldo Htxdwlrq/ Wudqvodwlrq ri Pdwkhpdwlfdo Prqrjudskv Yro1 :;/ Dphu0
lfdq Pdwkhpdwlfdo Vrflhw|1
Dsshqgl{











wkh vshhg ghqvlw| dqg L @+ o>u, wkh vwdwh ri vsdfh ri [ surfhvv +vhh Nduolq dqg
Wd|oru +4<;4,‘1 Ohw V +o>{‘@o l p d$o
U {
d v+x,gx dqg V ^{>u,@o l p e$u
U e
{ v+x,gx=
Dffruglqj Duqrog +4<:7,/ s1447/ li wkh lq￿qlwhvlpdo frh!flhqw d dqg e kdyh frq0
wlqxrxv ghulydwlyhv zlwk uhvshfw wr {/ wkhq wkhuh h{lvwv d xqltxh frqwlqxrxv sur0
fhvv gh￿qhg xqwlo wkh udqgrp prphqw h{sxovlrq ￿ lq wkh lqwhuydo w3 ?￿￿4 =
Lnhgd dqg Zdwdqdeoh +4<;4,/ ss1 6950696 suryh wkdw li V +o>{‘@V ^{>u,@4
wkhq
S ^￿ @ 4m[3 @ {‘@S
k
olp
w$4 [w @ u







￿ ￿ ￿ ￿[3 @ {
￿
@4 =
Qrz/ lw lv nqrzq wkdw li V +o>{‘@V ^{>u,@4 dqg
U u
o p+{,g{ ? 4 wkhq [
lvhujrglf dqg wkh lqyduldqw glvwulexwlrq S 3 kdv ghqvlw| ￿ s+{,@p+{,@
U u
o p+x,gx
zlwk uhvshfw zlwk Ohehvjxh phdvxuh ^vhh Vnrurnkrg +4<;<,/ ss1 7907;‘1
Surri ri Sursrvlwlrq 4
49Iurp +4, zh vhh wkdw d dqg e kdyh frqwlqxrxv ghulydwlyhv zlwk uhvshfw wr {1
Vr/ zh pxvw suryh wkdw V +o>{‘@V ^{>u,@4 zkhuh o @ ￿4 dqg u @ 4= Zh
kdyh


























gx +qrwlfh= ￿4 ￿ hui +{, ￿ 4 iru doo {,1 Li ￿A3>
wkh ixqfwlrq !4 +{,.!5 +{, lv olplwhg iru doo {> wkxv olp{$￿4 v+{, A 3 h V+o>d‘@
V ^e>u,@4= Li ￿?3/ wkh ixqfwlrq !4 +{, whqgv wr lq￿qlw| dv { $￿ 4 1 Lq zkdw




















































gw1 Wkh ixqfwlrq !5 +{, whqgv wr ￿4 zkhq ￿?￿
dqg { $4ru zkhq ￿A￿dqg { $￿ 4 1 Krzhyhu/ !4 +{,.!5 +{, whqgv wr 4









ghulydwlyh ri !4 +{,.!5 +{, lv srvlwlyh zkhq { whqgv wr 4 dqg qhjdwlyh zkhq {
whqgv wr ￿4,1 Lq erwk fdvhv/ zh kdyh olp{$￿4 v+{, A 3 vr V+o>d‘@V ^e>u,@
4 +zkhuh d dqg e duh dq| wzr srlqwv ri L,1
Surri ri Sursrvlwlrq 5
Zh pxvw suryh wkdw
U
U p+{,g{ ? 4= Iluvw/ frqvlghu wkh fdvh ￿A31L wf d q





















Iru ￿A3/ wkh txdqwlw| ￿
￿ h{s
q
￿￿ ￿ ￿ +{ ￿￿,
5r
lv dssur{lpdwho| }hur +zkhq











wkdw <n4>n 5 A 3=i +{, ￿ p+{,1 Wkh frqyhujhqfh ri
U
U i +{,g{ lpso| wkh
frqyhujhqfh ri
U
























4:+qrwlfh= olp{$￿4 hu￿+{,@4 dqg olp{$￿4 hu￿+{,@￿4,1 Frqvlghu/ zlwk0
rxw dq| orvv ri jhqhudolw| wkh fdvh ￿ @ ￿4/ ￿ @4 / ￿ @4 / ￿ @4dqg





=Wkh ￿ +{, ixqf0
wlrq whqgv txlfno| wr ￿4 +lq h￿hfw/ ￿3+{,@5 h{5
+4 ￿{,.5 { lv srvlwlyh zkhq
{ $4dqg qhjdwlyh zkhq { $￿ 4 ,1 Wkxv/ lw lv srvvleoh ￿qg d ixqfwlrq
i +{, @ h{s
￿
n4 ￿ n5{5￿
vxfk wkdw= <n4>n 5 A 3=i +{, ￿ p+{,1 Wkh frqyhu0
jhqfh ri
U
U i +{,g{ lpso| wkh frqyhujhqfh ri
U
U p+{,g{= Iru ￿ @3 / [ lv wkh
Ruqvwhlq0Xkohqehfn surfhvv zklfk lv vwdwlrqdu|1 Lq wkh fdvh/ ￿ @3 > zh kdyh
p+{,@h￿￿￿￿+{￿￿,5
1 Lw lv hdvlo| wr vhh wkdw
U
U p+{,g{ ? 4 li ￿A31
Surri ri Sursrvlwlrq 61 Iru vlpsolflw| zh gr qrw zulwh ￿1 Wr vkrz wkh










H| ^a s+￿>{ 3>{>|,m{3‘@
]
a s+￿>{ 3>{>|,j+￿>{ 3>|,g|=
zkhuh j+￿>{ 3>￿, lv wkh ghqvlw| ri \ jlyhq {31 E| k|srwkhvlv +l, j+￿>{ 3>|,@
s+￿>{ 3>|,= Wkxv
H| ^a s+￿>{ 3>{>|,m{3‘@
]






















+pdnlqj wkh yduldeoh fkdqjh | @ {￿ kx,1 E| Wd|oru*v irupxod












































4;Lw fdq eh vkrzq/ e| wkh vdph uhdvrqv +qrwlfh wkdw i\wl>m>m@4 >5>===>qvj lv d
vhtxhqfh ri l1l1g1 udqgrp yduldeohv jlyhq {3,/ wkdw







Lw iroorzv/ e| k|srwkhvlv +ly, wkdw H| ^a s+￿>{ 3>{>|,m{3‘ $ s+￿>{ 3>{, dqg
Yd u | ^a s+￿>{ 3>{>|,m{3‘ $ 3=
4<